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We study theoretically confinement related effects in the optical response of thin plasmonic films of
controlled variable thickness. While being constant for relatively thick films, the plasma frequency is
shown to acquire spatial dispersion typical of two-dimensional materials such as graphene, gradually
shifting to the red with the film thickness reduction. The dissipative loss, while decreasing at any
fixed frequency, gradually goes up at the plasma frequency as it shifts to the red with the film thick-
ness reduced. These features offer a controllable way to tune spatial dispersion and related optical
properties of plasmonic films and metasurfaces on demand, by precisely controlling their thickness,
material composition, and by choosing deposition substrates and coating layers appropriately.
Current development of nanofabrication techniques
makes it possible to design advanced plasmonic nano-
materials with optical properties on-demand [1, 2]. One
type of such advanced nanomaterials are optical metasur-
faces (see, e.g., Ref. [3] for review). Metasurfaces are of-
ten based on thin quasi-two-dimensional (2D) plasmonic
films, which enable new physics and phenomena that are
distinctly different from those observed for their 3D coun-
terparts [4–12]. Nowadays, a careful control of the ge-
ometry, structural dimensions, and material composition
allows one to produce thin and ultrathin metasurfaces
for applications in optoelectronics, ultrafast information
technologies, microscopy, imaging, and sensing as well as
for probing the fundamentals of the light-matter interac-
tions at the nanoscale [13–17]. A key to realizing these
applications is the ability to fabricate metallic films of
precisely controlled thickness down to a few monolayers,
which also exhibit desired optical properties [6]. As the
film thickness decreases, the strong electron confinement
could lead to new confinement related effects [4], which
require theory development to understand their role in
the light-matter interactions and optical response of thin
and ultrathin plasmonic films.
We develop a quasiclassical theory for the electron con-
finement effects and their manifestation in the optical re-
sponse of thin plasmonic films of variable thickness. We
start with the Coulomb interaction potential in the con-
fined planar geometry to obtain the equations of motion
and the conditions for the in-plane collective electron mo-
tion. The plasma frequency thus obtained, while being
constant for relatively thick films, acquires spatial disper-
sion typical of 2D materials and gradually shifts to the
red as the film thickness decreases. The complex-valued
dynamical dielectric response function shows the gradual
red shift of the resonance frequency, accordingly, with
the dissipative loss decreasing at any fixed frequency and
gradually going up at the plasma frequency as it shifts
to the red with the film thickness reduction. These are
the universal features peculiar to all plasmonic thin films,
which can be controlled not only by varying the thickness
and material composition of the film, but also by choosing
deposition substrates and coating layers appropriately.
The Coulomb interaction in thin films (see Fig. 1) in-
creases strongly with decreasing film thickness if the film
dielectric constant is much larger than those of the film
surroundings [18]. In general, any kind of spatial confine-
ment results in the increase of the Coulomb interaction
between charges inside the confined structure as the char-
acteristic confinement size decreases, provided that the
environment has a lower dielectric constant than that of
the confined structure. This is because the field produced
by the confined charges outside of the confined structure
begins to play a perceptible role with the confinement size
reduction. If the surrounding medium dielectric constant
is much less than that of the confined structure, then the
increased ’outside’ contribution to the Coulomb energy
makes the Coulomb interaction between the charges con-
fined stronger than that in a homogeneous medium with
the confined structure dielectric constant. Specific ex-
amples to confirm this fact, theoretical and experimental
ones, can be found in the literature both for quasi-1D
and for quasi-2D confined geometries [19–21].
For the thin film of thickness d with the background
dielectric constant ε, surrounded by media with the di-
electric constants ε1 and ε2 as shown in Fig. 1 (a), the
Coulomb potential between the two confined charges e
and e′ loses its z-coordinate dependence to turn into a
pure in-plane 2D potential when ε1,2≪ε and the in-plane
inter-charge distance ρ≫d. The potential takes the form
(first reported by L.V.Keldysh [18])
V (ρ) =
piee′
εd
[
H0
(
ε1 + ε2
ε
ρ
d
)
−N0
(
ε1 + ε2
ε
ρ
d
)]
, (1)
where N0(x) and H0(x) are the Neumann and Struve
functions, respectively. This (Keldysh) potential can be
further expanded to give two different asymptotic expres-
2FIG. 1: (Color online) (a,b) Schematic to show the geometry
notations and the normalized electrostatic (Keldysh) poten-
tial for the Coulomb interaction of the two point charges e
and e′ confined in a planar thin film of finite thickness.
sions as follows
V (ρ) ≈ V1(ρ) = 2ee
′
εd
[
ln
(
2ε
ε1 + ε2
d
ρ
)
− C
]
, (2)
(C≈0.577 is the Euler constant) if ε/(ε1+ε2)≫ρ/d≫1,
and
V (ρ) ≈ V2(ρ) = 2ee
′
(ε1 + ε2)ρ
, (3)
if ρ/d≫ ε/(ε1 + ε2)≫1. This latter expression includes
no parameters to represent the thin film itself, and it
shows no screening at all for the film in air (ε1=ε2=1),
which is quite an interesting result.
Figure 1 (b) presents the normalized Keldysh poten-
tial [the ratio V (ρ)/V2(ρ) with V (ρ) and V2(ρ) given by
Eqs. (1) and (3), respectively] as a function of ρ/d and
the relative dielectric constant (ε1+ε2)/ε. The potential
is seen to vary drastically in the domain where ε≫ε1+ε2
and d≪ρ, which is just the parameter range for thin plas-
monic films [3–6]. The drastic change of the Coulomb
interaction potential in this domain comes from Eq. (2),
which varies much faster than any Coulomb type (∼1/ρ)
potential does — a solely confinement related effect asso-
ciated with the strong spatial dispersion of the thin-film
dielectric response function, the dielectric permittivity.
One can easily evaluate the plasma frequency spatial
dispersion in finite-thickness plasmonic films (ε) sand-
wiched [Fig. 1 (a)] between dielectric substrates (ε1) and
superstrates (ε2). Using the in-plane (2D) Fourier ex-
pansion of the Keldysh potential in Eq. (1), the Coulomb
potential energy of the quasi-free outer-shell electron lo-
cated at the point ρj=(ρj , ϕj) of the lattice site j, which
interacts with the other electrons of the finite-thickness
thin film — all immersed in the positive background of
the film material (”jellium” model [22]), takes the form
V (ρj) =
4pie2
εL2
∑
l,k
′ exp (ik·ρjl)
k[kd+ (ε1 + ε2)/ε]
. (4)
Here,
∫
dk exp[ik·(ρ−ρ′)]/(2pi)2= δ(ρ−ρ′) is used as the
normalization condition for the Fourier expansion basis
function set, with k representing the in-plane electron
quasi-momentum (kx,y = 2pinx,y/L with nx,y =0,±1, ...;
L≫d stands for the square-sized film length), k= |k|, and
ρjl=ρj − ρl. The summation sign is primed to indicate
that the terms with l= j and k=0 associated with the
electron self-interaction and with the all-together elec-
tron displacement, respectively, must be dropped.
Using Eq. (4) along with the electron kinetic energy
K=
∑
lm
∗
ρ˙
2
l /2, where m
∗ is the electron effective mass,
one arrives at the individual electron equations of motion
ρ¨j = −i 4pie
2
εm∗L2
∑
l,k
′ k exp (ik·ρjl)
k[kd+ (ε1 + ε2)/ε]
. (5)
To obtain the equations of motion for the density of elec-
trons, we introduce the local surface electron density
n(ρ) =
∑
l
δ(ρ− ρl) =
∑
k
nk exp (ik·ρ)
with the Fourier components
nk =
1
L2
∑
l
exp (−ik·ρl) , nk=0 = N2D (6)
(N2D being the equilibrium surface electron density), and
use Eq. (5) to get the second time derivative in the form
n¨k = −4pie
2
εm∗
∑
q
′ (k·q)nqnk−q
q[qd+ (ε1 + ε2)/ε]
− 1
L2
∑
l
(k·ρ˙l)2 exp (−ik·ρl) .
This can now be simplified in the random phase approxi-
mation (RPA) by dropping alternating-sign terms (q 6=k)
in the sum over q [22], to obtain after using N2D of
Eq. (6)
n¨k + ω
2
p nk = −
1
L2
∑
l
(k·ρ˙l)2 exp (−ik·ρl) (7)
3with
ωp = ωp(k) =
√
4pie2kN2D
εm∗[kd+ (ε1 + ε2)/ε]
. (8)
Equation (7) is seen to turn into the oscillator equation
provided k2≪k2c=ω2p/v20 with v0 given by m∗v20/2=EF ,
or kBT for the degenerate and non-degenerate electron
gas system, respectively [22]. When electron wave vectors
are much less than the cut-off vector kc, the right hand
side of Eq. (7) becomes much less than k2cv
2
0
nk= ω
2
p nk,
yielding the thin-film electron density coherent oscilla-
tions with the plasma frequency featuring the spatial dis-
persion given by Eq. (8), as opposed to bulk (3D) plas-
monic materials in which case the plasma frequency is
the k-independent constant
ω3Dp =
√
4pie2N3D
εm∗
(9)
with N3D representing the volumetric electron density.
For thin enough plasmonic films, one has N3Dd =N2D,
so that Eq. (8) can be written as
ωp = ωp(k) =
ω3Dp√
1 + (ε1 + ε2)/εkd
. (10)
If (ε1+ε2)/εkd≪1 (relatively thick film), then ωp= ω3Dp
of Eq. (9), whereas one has
ωp = ω
2D
p (k) =
√
4pie2N2Dk
(ε1 + ε2)m∗
(11)
if (ε1 + ε2)/εkd≫ 1 (ultrathin film), which agrees pre-
cisely with the plasma frequency spatial dispersion of the
2D electron gas in air (see, e.g., Ref. [24]), but does show
the explicit dependence on bottom (ε1) and top (ε2) sur-
rounding materials.
The ratio ωp/ω
3D
p of Eq. (10), considered as a function
of the dimensionless variables kd and (ε1 + ε2)/ε, repre-
sents a universal conversion factor to relate the plasma
frequency parameter in quasi-2D electron gas systems
(thin finite-thickness plasmonic films [5, 6], graphene [23],
and related 2D materials [7, 21]) to that in bulk plas-
monic materials. The ratio is shown in Fig. 2 (a).
The regimes of the relatively thick and ultrathin films
[Eqs. (9) and (11), respectively] are separated by the ver-
tical plane kd=(ε1 + ε2)/ε. The ratio ωp/ω
3D
p is nearly
constant in the domain where kd≫ (ε1 + ε2)/ε, while
being strongly dispersive in the domain kd≪(ε1+ ε2)/ε.
In this latter case, ωp of Eq. (10) goes down with the
film thickness as
√
d at all fixed k, which agrees with
the recent plasma frequency ellipsometry measurements
done on ultrathin TiN films of controlled variable thick-
ness [6]. Figure 2 (b) shows the contour plot of ωp/ω
3D
p
as a function of kd obtained by cutting Fig. 2 (a) with
FIG. 2: (Color online) (a) The ratio ωp/ω
3D
p given by Eq. (10)
as a function of the dimensionless variables kd and (ε1+ε2)/ε.
(b) The contour plot of the same ratio as a function of kd
obtained by cutting the graph in (a) with parallel vertical
planes of constant (ε1 + ε2)/ε. The thick vertical blue arrow
shows the direction of the (ε1 + ε2)/ε increase.
parallel vertical planes of constant (ε1 + ε2)/ε. We see
the gradual graph profile change in the direction of the
(ε1 + ε2)/ε increase (shown by the thick vertical arrow),
offering a controllable way to adjust the spatial disper-
sion and related optical properties of plasmonic thin films
and metasurfaces, in particular, not only by varying their
thickness [6] and material composition [3], but also by
choosing the deposition substrates (ε1) and coating lay-
ers (ε2) appropriately.
With the plasma frequency dispersion (10) in hand, it
is straightforward to obtain the complex-valued dynami-
cal dielectric response function, the dielectric permittiv-
ity, for the electron gas confined in the finite-thickness
ultrathin plasmonic films. The starting point and main
ingredient of the theory is the Fourier-transform of the
Coulomb potential energy in Eq. (4). With losses taken
into account phenomenologically, the isotropic RPA (or
Lindhard [25]) low-momentum high-frequency dielectric
response function ε(k, ω) (commonly referred to as the
4FIG. 3: (Color online) (a) Real (red) and imaginary (green)
parts of Eq. (12) as functions of the dimensionless variables
ω/ω3Dp and (ε1 + ε2)/εkd. (b) The contour plot one obtains
by cutting the graph in (a) with parallel vertical planes of
constant (ε1+ε2)/εkd. The thick horizontal blue arrow shows
the direction of the increase of (ε1 + ε2)/εkd.
Drude response function [4]) takes the well known form
ε(k, ω)
ε
= 1− ω
2
p
ω(ω + iγ)
, (12)
where γ is the phenomenological inelastic electron scat-
tering rate and ωp is given by Eq. (10). This expression is
normally used to describe the contribution of the outer-
shell (s-band) electrons in metals [4], with ε assigned to
be responsible for the positive background of the ions
screened by the remaining inner-shell electrons. In many
cases, however, it needs to be supplemented with an extra
term (Drude-Lorentz response function [5, 6]) to account
for interband electronic transitions absent from Eq. (12).
Expressing all frequency parameters of Eq. (12) in
units of ω3Dp , one obtains the universal complex-valued
function to feature the dielectric response of the elec-
tron gas confined in the finite-thickness plasmonic films.
Figures 3 (a) and (b) show its real (ε′/ε) and imaginary
(ε′′/ε) parts as functions of the dimensionless variables
FIG. 4: (Color online) Plasmon resonance peak behavior
given by −Im[ε/ε(k, ω)] of Eq. (12) as a function of the di-
mensionless variables ω/ω3Dp and (ε1 + ε2)/εkd.
ω/ω3Dp and (ε1 + ε2)/εkd, and we also show in Fig. 4
the plasmon peak behavior given by −Im[ε/ε(k, ω)] as a
function of the same variables. All graphs are calculated
with a moderate parameter ratio γ/ω3Dp = 0.1. In Fig-
ure 3 (b) we see the approach of ε′′/ε to the horizontal
axis and the shift of the zero point of ε′/ε from unity at
(ε1 + ε2)/εkd≪ 1 (relatively thick film) towards values
lower than unity as (ε1 + ε2)/εkd increases to approach
the ultrathin film limit at (ε1 + ε2)/εkd≫1. These cor-
respond to the dissipative loss being decreased at a fixed
frequency and the plasma frequency being red shifted
to go lower than ω3Dp with the film thickness reduction,
which agrees well with the recent measurements done on
ultrathin TiN films of controlled variable thickness [6].
At the same time, the red shift of the plasma frequency
is accompanied by the gradual increase of the dissipa-
tive loss at the plasma frequency. This is clearly seen in
Fig. 3 (b) as the ε′′/ε magnitude rise in the zeros of the
respective ε′/ε as one moves along the blue arrow, result-
ing in the plasmon peak red shift and broadening with
increasing (ε1 + ε2)/εkd as shown in Fig. 4. We stress
that all these features described are universal, peculiar to
all plasmonic thin films. Their specific manifestation in
real experimental systems is controlled by the film thick-
ness d, by the plasma frequency ω3Dp , and by the relative
dielectric constant (ε1 + ε2)/ε.
In summary, we predict universal confinement related
effects in the optical response of thin plasmonic films as
their thickness decreases. While being constant for rela-
tively thick films, the plasma frequency acquires spatial
dispersion ∼
√
εkd/(ε1 + ε2) typical of 2D materials such
as graphene [23], gradually shifting to the red at all fixed
k with the film thickness reduction. The dissipative loss,
while decreasing at any fixed frequency, gradually goes
5up at the plasma frequency as it shifts to the red with
the film thickness reduced. These features offer a con-
trollable way to adjust the spatial dispersion and related
optical properties of plasmonic thin films and metasur-
faces, in particular, not only by varying their material
composition [3], but also by precisely controlling their
thickness [6] and by choosing surrounding substrate and
superstrate materials appropriately.
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